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Vetores aleatórios



Definição

Definição

Sejam X1,X2, . . . ,Xn definidas no mesmo experimento probabilístico.

Então, diz-se que

⇀

X =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

X1

X2

⋮

Xn

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [X1 X2 ⋯ Xn]
T

é um vetor aleatório (
⇀

VA).

PMF de
⇀

X: p ⇀

X
(
⇀x) = pX1,X2,...,Xn(x1,x2, . . . ,xn) (caso discreto)

PDF de
⇀

X: f ⇀

X
(
⇀x) = fX1,X2,...,Xn(x1,x2, . . . ,xn) (caso geral)
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Vetor média e matriz covariância

Seja
⇀

X = [X1 X2 ⋯ Xn]
T um

⇀

VA.

Definição

O vetor média de
⇀

X é definido por
⇀µ ⇀

X
= E[

⇀

X]

A matriz covariância de
⇀

X é definida por

C ⇀

X
= E[(

⇀

X − ⇀µ ⇀

X
)(
⇀

X − ⇀µ ⇀

X
)
T
]

�
Obs.: O valor esperado de um vetor aleatório (ou de
uma matriz aleatória) é definido tomando-se o valor es-
perado elemento-a-elemento.
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Vetor média e matriz covariância

De maneira explícita:

Vetor média:

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

⋮

E[Xn]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Matriz covariância:

C ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

var[X1] cov[X1,X2] ⋯ cov[X1,Xn]

cov[X2,X1] var[X2] ⋯ cov[X2,Xn]

⋮ ⋮ ⋱ ⋮

cov[Xn,X1] cov[Xn,X2] ⋯ var[Xn]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Vetor média e matriz covariância

Demonstração: (Para n = 2, por simplicidade.)

C⇀
X

= E [(
⇀

X − ⇀µ⇀
X
)(

⇀

X − ⇀µ⇀
X
)
T
]

= E

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎛

⎝

⎡
⎢
⎢
⎢
⎢
⎣

X1

X2

⎤
⎥
⎥
⎥
⎥
⎦

−

⎡
⎢
⎢
⎢
⎢
⎣

µX1

µX2

⎤
⎥
⎥
⎥
⎥
⎦

⎞

⎠

⎛

⎝

⎡
⎢
⎢
⎢
⎢
⎣

X1

X2

⎤
⎥
⎥
⎥
⎥
⎦

−

⎡
⎢
⎢
⎢
⎢
⎣

µX1

µX2

⎤
⎥
⎥
⎥
⎥
⎦

⎞

⎠

T⎤
⎥
⎥
⎥
⎥
⎥
⎦

= E

⎡
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎢
⎣

X1 − µX1

X2 − µX2

⎤
⎥
⎥
⎥
⎥
⎦

[X1 − µX1
X2 − µX2

]

⎤
⎥
⎥
⎥
⎥
⎦

= E

⎡
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎢
⎣

(X1 − µX1
)(X1 − µX1

) (X1 − µX1
)(X2 − µX2

)

(X2 − µX2
)(X1 − µX1

) (X2 − µX2
)(X2 − µX2

)

⎤
⎥
⎥
⎥
⎥
⎦

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

E [(X1 − µX1
)(X1 − µX1

)] E [(X1 − µX1
)(X2 − µX2

)]

E [(X2 − µX2
)(X1 − µX1

)] E [(X2 − µX2
)(X2 − µX2

)]

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

cov[X1,X1] cov[X1,X2]

cov[X2,X1] cov[X2,X2]

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

var[X1] cov[X1,X2]

cov[X2,X1] var[X2]

⎤
⎥
⎥
⎥
⎥
⎦

.
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⎢
⎢
⎣
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) (X2 − µX2
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⎥
⎥
⎦
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⎢
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⎦
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⎡
⎢
⎢
⎢
⎢
⎣

X1 − µX1

X2 − µX2

⎤
⎥
⎥
⎥
⎥
⎦

[X1 − µX1
X2 − µX2
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⎤
⎥
⎥
⎥
⎥
⎦

= E

⎡
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎢
⎣

(X1 − µX1
)(X1 − µX1

) (X1 − µX1
)(X2 − µX2

)

(X2 − µX2
)(X1 − µX1

) (X2 − µX2
)(X2 − µX2

)

⎤
⎥
⎥
⎥
⎥
⎦

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

E [(X1 − µX1
)(X1 − µX1

)] E [(X1 − µX1
)(X2 − µX2

)]

E [(X2 − µX2
)(X1 − µX1

)] E [(X2 − µX2
)(X2 − µX2

)]

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

cov[X1,X1] cov[X1,X2]

cov[X2,X1] cov[X2,X2]

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

var[X1] cov[X1,X2]

cov[X2,X1] var[X2]

⎤
⎥
⎥
⎥
⎥
⎦

.
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Vetor média e matriz covariância

Demonstração: (Para n = 2, por simplicidade.)

C⇀
X
= E [(

⇀

X − ⇀µ⇀
X
)(

⇀

X − ⇀µ⇀
X
)
T
]

= E

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎛

⎝

⎡
⎢
⎢
⎢
⎢
⎣
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⎤
⎥
⎥
⎥
⎥
⎦

−

⎡
⎢
⎢
⎢
⎢
⎣
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µX2

⎤
⎥
⎥
⎥
⎥
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⎞

⎠

⎛

⎝

⎡
⎢
⎢
⎢
⎢
⎣
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⎤
⎥
⎥
⎥
⎥
⎦

−

⎡
⎢
⎢
⎢
⎢
⎣
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µX2

⎤
⎥
⎥
⎥
⎥
⎦

⎞

⎠

T⎤
⎥
⎥
⎥
⎥
⎥
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⎢
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⎢
⎢
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⎢
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⎢
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⎥
⎥
⎦
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⎥
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⎢
⎢
⎣
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⎥
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⎥
⎥
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⎢
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⎥
⎥
⎦
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⎢
⎢
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⎥
⎥
⎦
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⎢
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⎥
⎥
⎦

=

⎡
⎢
⎢
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⎢
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⎥
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Exemplo 1

Exemplo

Sejam B1,B2,B3 ∼ Bernoulli(1
2
) três VAs independentes entre si e sejam

X1 = B1

X2 = B1B2

X3 = B1B2B3

Defina os
⇀

VAs
⇀

B = [B1 B2 B3]
T e

⇀

X = [X1 X2 X3]
T.

a Determine a PMF de
⇀

B.
b Determine o vetor média e a matriz covariância de

⇀

B.
c Determine a PMF de

⇀

X.
d Determine o vetor média e a matriz covariância de

⇀

X.
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Exemplo 1

Relembrando. . .

X ∼ Bernoulli(p)

1
x

pX(x)

p

1−p

E[X] = (0)(1 − p) + (1)p = p

E[X2
] = (0)2(1 − p) + (1)2p = p

var[X] = E[X2
] −E[X]2 = p − p2

= p(1 − p)
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Exemplo 1

�

B1,B2,B3 são exemplo do que chamamos de VAs i.i.d.:

i. independentes par-a-par
i.d. identicamente distribuídas: todas com a

mesma distribuição

a Determine a PMF de
⇀

B.

B1 B2 B3 Pr

0 0 0

1/8

0 0 1

1/8

0 1 0

1/8

0 1 1

1/8

1 0 0

1/8

1 0 1

1/8

1 1 0

1/8

1 1 1

1/8

⇀

b p⇀
B
(
⇀

b)

[0 0 0]T 1/8

[0 0 1]T 1/8

[0 1 0]T 1/8

[0 1 1]T 1/8

[1 0 0]T 1/8

[1 0 1]T 1/8

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

b Determine o vetor média e a matriz covariância de
⇀

B.

Vetor média:

⇀µ ⇀

B
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[B1]

E[B2]

E[B3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
2
1
2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Matriz covariância:

C ⇀

B
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

var[B1] cov[B1,B2] cov[B1,B3]

cov[B2,B1] var[B2] cov[B2,B3]

cov[B3,B1] cov[B3,B2] var[B3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
4

0 0

0 1
4

0

0 0 1
4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Exemplo 1
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⇀
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⎡
⎢
⎢
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⎢
⎢
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⎢
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⎥
⎥
⎥
⎥
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⎡
⎢
⎢
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⎢
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2
1
2
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⎤
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⎥
⎥
⎥
⎦
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⎣
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⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
4

0 0

0 1
4

0

0 0 1
4

⎤
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⎥
⎥
⎥
⎥
⎦
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Exemplo 1

c Determine a PMF de
⇀

X.

X1 = B1

X2 = B1B2

X3 = B1B2B3

B1 B2 B3 X1 X2 X3 Pr

0 0 0

0 0 0 1/8

0 0 1

0 0 0 1/8

0 1 0

0 0 0 1/8

0 1 1

0 0 0 1/8

1 0 0

1 0 0 1/8

1 0 1

1 0 0 1/8

1 1 0

1 1 0 1/8

1 1 1

1 1 1 1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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1 1 1 1

1 1 1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

c Determine a PMF de
⇀

X.

X1 = B1

X2 = B1B2

X3 = B1B2B3

B1 B2 B3 X1 X2 X3 Pr

0 0 0 0 0

0 1/8

0 0 1 0 0

0 1/8

0 1 0 0 0

0 1/8

0 1 1 0 0

0 1/8

1 0 0 1 0

0 1/8

1 0 1 1 0

0 1/8

1 1 0 1 1

0 1/8

1 1 1 1 1

1 1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

c Determine a PMF de
⇀

X.

X1 = B1

X2 = B1B2

X3 = B1B2B3

B1 B2 B3 X1 X2 X3 Pr

0 0 0 0 0 0

1/8

0 0 1 0 0 0

1/8

0 1 0 0 0 0

1/8

0 1 1 0 0 0

1/8

1 0 0 1 0 0

1/8

1 0 1 1 0 0

1/8

1 1 0 1 1 0

1/8

1 1 1 1 1 1

1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

c Determine a PMF de
⇀

X.

X1 = B1

X2 = B1B2

X3 = B1B2B3

B1 B2 B3 X1 X2 X3 Pr

0 0 0 0 0 0 1/8
0 0 1 0 0 0 1/8
0 1 0 0 0 0 1/8
0 1 1 0 0 0 1/8
1 0 0 1 0 0 1/8
1 0 1 1 0 0 1/8
1 1 0 1 1 0 1/8
1 1 1 1 1 1 1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

c Determine a PMF de
⇀

X.

X1 = B1

X2 = B1B2

X3 = B1B2B3

B1 B2 B3 X1 X2 X3 Pr

0 0 0 0 0 0 1/8
0 0 1 0 0 0 1/8
0 1 0 0 0 0 1/8
0 1 1 0 0 0 1/8
1 0 0 1 0 0 1/8
1 0 1 1 0 0 1/8
1 1 0 1 1 0 1/8
1 1 1 1 1 1 1/8

⇀x p ⇀
X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

E[X1] = (0)
1
2
+ (1)1

4
+ (1)1

8
+ (1)1

8
= 1

2

E[X2] = (0)
1
2
+ (0)1

4
+ (1)1

8
+ (1)1

8
= 1

4

E[X3] = (0)
1
2
+ (0)1

4
+ (0)1

8
+ (1)1

8
= 1

8
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

E[X1] = (0)
1
2
+ (1)1

4
+ (1)1

8
+ (1)1

8
= 1

2

E[X2] = (0)
1
2
+ (0)1

4
+ (1)1

8
+ (1)1

8
= 1

4

E[X3] = (0)
1
2
+ (0)1

4
+ (0)1

8
+ (1)1

8
= 1

8

Vetores aleatórios – Vetores aleatórios 3/9



Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

E[X2
1] = (0)

2 1
2
+ (1)2 1

4
+ (1)2 1

8
+ (1)2 1

8
= 1

2

E[X2
2] = (0)

2 1
2
+ (0)2 1

4
+ (1)2 1

8
+ (1)2 1

8
= 1

4

E[X2
3] = (0)

2 1
2
+ (0)2 1

4
+ (0)2 1

8
+ (1)2 1

8
= 1

8
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

var[X1] = E[X
2
1] −E[X1]

2
= 1

2
− (1

2
)
2
= 1

4

var[X2] = E[X
2
2] −E[X2]

2
= 1

4
− (1

4
)
2
= 3

16

var[X3] = E[X
2
3] −E[X3]

2
= 1

8
− (1

8
)
2
= 7

64
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

E[X1X2] = (0)(0)
1
2
+ (1)(0)1

4
+ (1)(1)1

8
+ (1)(1)1

8
= 1

4

E[X1X3] = (0)(0)
1
2
+ (1)(0)1

4
+ (1)(0)1

8
+ (1)(1)1

8
= 1

8

E[X2X3] = (0)(0)
1
2
+ (0)(0)1

4
+ (1)(0)1

8
+ (1)(1)1

8
= 1

8
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

cov[X1,X2] = E[X1X2] −E[X1]E[X2] =
1
4
− (1

2
) (1

4
) = 1

8

cov[X1,X3] = E[X1X3] −E[X1]E[X3] =
1
8
− (1

2
) (1

8
) = 1

16

cov[X2,X3] = E[X2X3] −E[X2]E[X3] =
1
8
− (1

4
) (1

8
) = 3

32
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Exemplo 1

d Determine o vetor média e a matriz covariância de
⇀

X.

⇀x p ⇀

X
(
⇀x)

[0 0 0]T 1/2

[1 0 0]T 1/4

[1 1 0]T 1/8

[1 1 1]T 1/8

⇀µ ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

E[X1]

E[X2]

E[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
1
4
1
8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

C ⇀

X
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

var[X1] cov[X1,X2] cov[X1,X3]

cov[X2,X1] var[X2] cov[X2,X3]

cov[X3,X1] cov[X3,X2] var[X3]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
4

1
8

1
16

1
8

3
16

3
32

1
16

3
32

7
64

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Exemplo 2

Exemplo (“order statistics”)

Sejam U1, . . . ,Un ∼ Uniform([0,1]) VAs independentes entre si. Sejam
X1, . . . ,Xn as variáveis U1, . . . ,Un ordenadas em ordem crescente.

Pode-se mostrar que PDF conjunta de X1, . . . ,Xn é dada por

fX1,...,Xn(x1, . . . ,xn) =

⎧⎪⎪
⎨
⎪⎪⎩

c, 0 ≤ x1 ≤ ⋯ ≤ xn ≤ 1,

0, c.c.,

em que c > 0 é uma constante. Considere n = 3 e seja
⇀

X = [X1 X2 X3]
T.

a Determine o valor da constante c.
b Determine as PDFs marginais.
c Determine o vetor média de

⇀

X.
d Determine a matriz covariância de

⇀

X.
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Exemplo 2

Para simplificar a notação, defina X = X1, Y = X2 e Z = X3.

Nesse caso, tem-se

fX,Y,Z(x,y, z) =

⎧⎪⎪
⎨
⎪⎪⎩

c, 0 ≤ x ≤ y ≤ z ≤ 1,

0, c.c.

= c [0 ≤ x ≤ y ≤ z ≤ 1].
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Exemplo 2

Para simplificar a notação, defina X = X1, Y = X2 e Z = X3.

Nesse caso, tem-se

fX,Y,Z(x,y, z) =

⎧⎪⎪
⎨
⎪⎪⎩

c, 0 ≤ x ≤ y ≤ z ≤ 1,

0, c.c.

= c [0 ≤ x ≤ y ≤ z ≤ 1].
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Exemplo 2

fX,Y,Z(x,y, z) = c [0 ≤ x ≤ y ≤ z ≤ 1]

a Determine o valor da constante c.

1 = ∫
∞

−∞
∫

∞

−∞
∫

∞

−∞

fX,Y,Z(x,y, z) dx dy dz

= c∫
1

0
∫

z

0
∫

y

0
1 dx dy dz

= c∫
1

0
∫

z

0
y dy dz

= c∫
1

0

z2

2
dz

= c
1

6
Ô⇒ c = 6
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Exemplo 2

fX,Y,Z(x,y, z) = c [0 ≤ x ≤ y ≤ z ≤ 1]

a Determine o valor da constante c.

1 = ∫
∞

−∞
∫

∞

−∞
∫

∞

−∞

fX,Y,Z(x,y, z) dx dy dz

= c∫
1

0
∫

z

0
∫

y

0
1 dx dy dz

= c∫
1

0
∫

z

0
y dy dz

= c∫
1

0

z2

2
dz

= c
1

6
Ô⇒ c = 6
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Exemplo 2

fX,Y,Z(x,y, z) = 6 [0 ≤ x ≤ y ≤ z ≤ 1]

b Determine as PDFs marginais.
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Exemplo 2

fX,Y,Z(x,y, z) = 6 [0 ≤ x ≤ y ≤ z ≤ 1]

b Determine as PDFs marginais. [Wolfram Alpha] [Alt]

Para 0 ≤ x ≤ 1:

fX(x) = ∫
∞

−∞
∫

∞

−∞

fX,Y,Z(x,y, z) dy dz

= ∫

1

x
∫

z

x
6 dy dz

= 3(1 − x)2
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Exemplo 2

fX,Y,Z(x,y, z) = 6 [0 ≤ x ≤ y ≤ z ≤ 1]

b Determine as PDFs marginais. [Wolfram Alpha] [Alt]

Para 0 ≤ y ≤ 1:

fY(y) = ∫
∞

−∞
∫

∞

−∞

fX,Y,Z(x,y, z) dx dz

= ∫

1

y
∫

y

0
6 dx dz

= 6y(1 − y)
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Exemplo 2

fX,Y,Z(x,y, z) = 6 [0 ≤ x ≤ y ≤ z ≤ 1]

b Determine as PDFs marginais. [Wolfram Alpha] [Alt]

Para 0 ≤ z ≤ 1:

fZ(z) = ∫
∞

−∞
∫

∞

−∞

fX,Y,Z(x,y, z) dx dy

= ∫

z

0
∫

y

0
6 dx dy

= 3z2
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Exemplo 2

E[g(X,Y,Z)] = ∫
∞

−∞
∫

∞

−∞
∫

∞

−∞

g(x,y, z)

6 [0≤x≤y≤z≤1]
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
fX,Y,Z(x,y, z) dx dy dz

= 6∫
1

0
∫

z

0
∫

y

0
g(x,y, z) dx dy dz

c Determine o vetor média de
⇀

X. [Wolfram Alpha]
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Exemplo 2

E[g(X,Y,Z)] = ∫
∞

−∞
∫

∞

−∞
∫

∞

−∞

g(x,y, z)

6 [0≤x≤y≤z≤1]
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
fX,Y,Z(x,y, z) dx dy dz

= 6∫
1

0
∫

z

0
∫

y

0
g(x,y, z) dx dy dz

c Determine o vetor média de
⇀

X. [Wolfram Alpha]

E[X] = 6∫
1

0
∫

z

0
∫

y

0
x dx dy dz =

1

4

E[Y] = 6∫
1

0
∫

z

0
∫

y

0
y dx dy dz =

2

4

E[Z] = 6∫
1

0
∫

z

0
∫

y

0
z dx dy dz =

3

4
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Exemplo 2

E[g(X,Y,Z)] = ∫
∞

−∞
∫

∞

−∞
∫

∞

−∞

g(x,y, z)

6 [0≤x≤y≤z≤1]
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
fX,Y,Z(x,y, z) dx dy dz

= 6∫
1

0
∫

z

0
∫

y

0
g(x,y, z) dx dy dz
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⇀
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⇀µ ⇀

X
=
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4

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

2

3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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E[X2
] = 6∫

1

0
∫

z

0
∫

y

0
x2 dx dy dz =

1

10

E[Y2
] = 6∫

1

0
∫

z

0
∫

y

0
y2 dx dy dz =

3

10
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] = 6∫

1

0
∫

z

0
∫

y

0
z2 dx dy dz =

6

10
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E[XY] = 6∫
1

0
∫

z

0
∫

y

0
xy dx dy dz =

3
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E[XZ] = 6∫
1

0
∫

z

0
∫

y

0
xz dx dy dz =

4

20

E[YZ] = 6∫
1

0
∫

z

0
∫

y

0
yz dx dy dz =

8

20
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C ⇀

X
=

1
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⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3 2 1

2 4 2

1 2 3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Transformações lineares afins



Transformação linear afim

Relembrando da álgebra linear. . .

Uma transformação linear leva:
um vetor de entrada

⇀

X, de dimensão n × 1,
em um vetor de saída

⇀

Y, de dimensão m × 1,
e corresponde a uma multiplicação matricial.

Ou seja:
⇀

Y = A
⇀

X,

onde A é uma matriz m ×n.
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Transformação linear afim

Um pequeno relaxamento. . .

Uma transformação linear afim leva:
um vetor de entrada

⇀

X, de dimensão n × 1,
em um vetor de saída

⇀

Y, de dimensão m × 1,
e corresponde a uma multiplicação matricial seguida de uma translação.

Ou seja:
⇀

Y = A
⇀

X +
⇀

b,

onde A é uma matriz m ×n e
⇀

b é um vetor m × 1.
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Introdução

Relembrando. . . (caso unidimensional)

Seja X uma VA e seja Y = aX + b. Então:

µY =

aµX + b

σ2
Y =

a2σ2
X

Proposição

Seja
⇀

X um
⇀

VA e seja
⇀

Y = A
⇀

X +
⇀

b. Então:

⇀µ ⇀

Y
=

A⇀µ ⇀

X
+
⇀

b

C ⇀

Y
=

AC ⇀

X
AT
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Introdução

Demonstração:

⇀µ ⇀

Y
= E[

⇀

Y] = E[A
⇀

X +
⇀

b] = AE[
⇀

X] +
⇀

b = A⇀µ ⇀

X
+
⇀

b

C ⇀

Y
= E[(

⇀

Y − ⇀µ ⇀

Y
)(
⇀

Y − ⇀µ ⇀

Y
)
T
]

= E[(A
⇀

X + ��
⇀

b −A⇀µ ⇀

X
− ��
⇀

b)(A
⇀

X + ��
⇀

b −A⇀µ ⇀

X
− ��
⇀

b)T]

= E[(A
⇀

X −A⇀µ ⇀

X
)(A

⇀

X −A⇀µ ⇀

X
)
T
]

= E[(A(
⇀

X − ⇀µ ⇀

X
))(A(

⇀

X − ⇀µ ⇀

X
))

T
]

= E[A(
⇀

X − ⇀µ ⇀

X
)(
⇀

X − ⇀µ ⇀

X
)
TAT
]

= AE[(
⇀

X − ⇀µ ⇀

X
)(
⇀

X − ⇀µ ⇀

X
)
T
]AT

= AC ⇀

X
AT.
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Exemplo

Exemplo

Sejam U e V duas VAs, ambas de média −1 e variância 2, com coeficiente
de Pearson ρU,V = 1/2. Sejam

X = U + 2V − 3,

Y = V −U.

Calcule as médias de X e de Y, as variâncias de X e de Y, e o coeficiente
de Pearson entre X e Y.

Serão apresentadas duas soluções. Parte comum:

cov[U,V] =

ρU,V

√
var[U]var[V] = (1/2)

√
2 ⋅ 2 = 1
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Exemplo

Solução direta:

Médias:

E[X] = E[U + 2V − 3] = E[U] + 2E[V] − 3 = (−1) + 2(−1) − 3 = −6

E[Y] = E[V −U] = E[V] −E[U] = (−1) − (−1) = 0
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Exemplo

Solução direta:

Médias:

E[X] = E[U + 2V − 3] = E[U] + 2E[V] − 3 = (−1) + 2(−1) − 3 = −6

E[Y] = E[V −U] = E[V] −E[U] = (−1) − (−1) = 0

Variância de X:

E[X2
] = E[(U + 2V − 3)2] = E[U2

+ 4V2
+ 4UV − 6U − 12V + 9]

= E[U2
]

´¹¹¹¹¹¸¹¹¹¹¹¹¶

3

+ 4E[V2
]

´¹¹¹¹¹¸¹¹¹¹¹¶

3

+ 4E[UV]
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

2

− 6 E[U]
²
−1

−12 E[V]
²
−1

+ E[9]
±

9

= 50

var[X] = E[X2
] −E[X]2 = 50 − (−6)2 = 14
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Exemplo

Solução direta:

Médias:

E[X] = E[U + 2V − 3] = E[U] + 2E[V] − 3 = (−1) + 2(−1) − 3 = −6

E[Y] = E[V −U] = E[V] −E[U] = (−1) − (−1) = 0

Variância de Y:

E[Y2
] = E[(V −U)2] = E[U2

+ V2
− 2UV]

= E[U2
]

´¹¹¹¹¹¸¹¹¹¹¹¹¶
3

+E[V2
]

´¹¹¹¹¹¸¹¹¹¹¹¶
3

−2E[UV]
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

2

= 2

var[Y] = E[Y2
] −E[Y]2 = 2 − (0)2 = 2
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Exemplo

Solução direta:

Médias:

E[X] = E[U + 2V − 3] = E[U] + 2E[V] − 3 = (−1) + 2(−1) − 3 = −6

E[Y] = E[V −U] = E[V] −E[U] = (−1) − (−1) = 0

Covariância entre X e Y:

E[XY] = E[(U + 2V − 3)(V −U)] = E[−U2
+ 2V2

−UV − 3U − 3V]

= −E[U2
]

´¹¹¹¹¹¸¹¹¹¹¹¹¶
3

+2E[V2
]

´¹¹¹¹¹¸¹¹¹¹¹¶
3

−E[UV]
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶

2

+3 E[U]
²
−1

−3 E[V]
²
−1

= 1

cov[X,Y] = E[XY] −E[X]E[Y] = 1 − (−6)(0) = 1
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Exemplo

Solução matricial:

⎧⎪⎪
⎨
⎪⎪⎩

X = U + 2V − 3

Y = V −U
⇐⇒

⎡
⎢
⎢
⎢
⎢
⎣

X

Y

⎤
⎥
⎥
⎥
⎥
⎦

±
⇀

X

=

⎡
⎢
⎢
⎢
⎢
⎣

1 2

− 1 1

⎤
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
A

⎡
⎢
⎢
⎢
⎢
⎣

U

V

⎤
⎥
⎥
⎥
⎥
⎦

±
⇀

U

+

⎡
⎢
⎢
⎢
⎢
⎣

− 3

0

⎤
⎥
⎥
⎥
⎥
⎦

²
⇀

b

Portanto:
⇀µ ⇀

X
= A⇀µ ⇀

U
+
⇀

b =

⎡
⎢
⎢
⎢
⎢
⎣

1 2

−1 1

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

−1

−1

⎤
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎣

−3

0

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

−6

0

⎤
⎥
⎥
⎥
⎥
⎦

e

C ⇀

X
= AC ⇀

U
AT
=

⎡
⎢
⎢
⎢
⎢
⎣

1 2

−1 1

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

2 1

1 2

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
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Exemplo

Sumário:
µX = −6 µY = 0

var[X] = 14 var[Y] = 2 cov[X,Y] = 1

Finalmente (parte comum às duas soluções):

ρX,Y =
cov[X,Y]

√
var[X]var[Y]

=
1

√
(14)(2)

=
1
√
28
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Exercícios propostos



Yates–Goodman

8.1.2.

8.1.3.

8.4.1.

8.4.2.

8.4.4.∗

8.4.5.
∗Desconsidere a matriz correlação.

� Esboce sua resposta sempre que possível.
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